A topographical study of the electron momentum density (EMD) of some linear molecules is presented with special emphasis on the bond-directionality principle. A new approach to the bonddirectionality (BD) principle has been proposed. This is based on the analysis of curvatures of critical points at p = 0 and elsewhere on the bonding axis. The linear molecules are classified into three broad categories: those which fully obey or disobey the BD principle as well as those which satisfy it only partly. The Laplacian of the EMD at p = 0 has been associated with the quality of the wavefunction via the electron density in the tail region. Also, the similarity in the critical structure of both the EMD and the spherically averaged EMD at the origin is brought out.
I. Introduction
Topographical analysis of various scalar fields forms a crucial step in their understanding. Such topographical studies, along with the catastrophe theory, have proved to be useful in the analysis of instabilities observed in different phenomena in the diversified fields of science at large [1] , Within the regime of chemistry also, a number of studies have demonstrated the utility of such an analysis. In the case of electronic structure studies, the topographical analysis of positionspace electron densities initiated by Bader et al. [2] has found wide application. The topographical study of a scalar field essentially deals with the isolation and characterization of critical points (CPs) of it. The CPs {r c } for a scalar field are defined to be those, at which V/= 0. A CP is characterized by the corresponding Hessian matrix H u -d 2 
f/dx i dx j \ r=rc .
A CP is said to be non-degenerate, if all the eigenvalues of the Hessian matrix at that particular point are nonzero (i.e. if det(/f, 7 )=f= 0). Otherwise the CP is said to be degenerate (i.e. at least one of the eigenvalues of the Hessian is zero). The non-degenerate CPs are characterized by * Presented at the Sagamore X Conference on Charge, Spin and Momentum Densities, Konstanz, Fed. Rep. of Germany, September 1-7, 1991.
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an ordered pair (R, er). Here, R is the rank of the Hessian matrix, which is three here, and o is the excess of positive eigenvalues over the negative ones. Thus, there may arise four types of non-degenerate CPs in three-dimensional scalar fields. A (3, -3) is a maximum, (3, + 3) a minimum and (3,-1) and (3,-1-1) are saddles. The non-degenerate CP is invariably an isolated one; however, the converse is not necessarily true. The classification of isolated degenerate CPs leads to an important subject of science, the catastrophe theory [3] . However, if CPs lie on a line or a curve, they are non-isolated degenerate CPs.
The electron momentum densities (EMDs) have been a topic of research for a long time. It is interesting to note [4] that the distribution under investigation has no direct information about the nuclear sites and has only one center, viz. p = 0. Also, for a real timereversal-invariant Hamiltonian, the non-degenerate ground-state wavefunction may be taken to be real, whereby the molecular EMD is inversion symmetric, i.e. y(p) = y(-p) [5] . The first-ever study (see [4] for details) giving directly the signature of bond formation in momentum space, was through observation of a preferred directionality, i.e. anisotropy in the EMD, of diatomic molecules. Subsequently, this was formalized into a principle, known as the bond-directionality (BD) principle. Tanner [6] has recently analyzed the deeper underpinnings of the BD principle, its ramification as well as its limitations. Tanner [6] proposed a 0932-0784 / 93 / 0100-0145 $ 01.30/0. -Please order a reprint rather than making your own copy. new BD principle valid for diatomics which states that "In a chemical bond in a bound molecule in its equilibrium geometry, there are values p m of momentum which are more probable, i.e. which correspond to local maxima of y(p). These values are determined by both the geometric and electronic symmetries of the molecule. For momenta p = p m + öp near a maximum, it is more likely that öp is perpendicular rather than parallel to the bond axis". Anchell and Harriman [7] have recently investigated the BD principle and anisotropics in molecular EMDs via the Husimi function. Also a generalized BD principle applicable to planar polyatomic molecules was further suggested by them. Thus, the BD principle has been a subject of interest for the past few decades.
Apart from the aforementioned ones, many other investigations on molecular EMDs have helped in its understanding. Studies on difference momentum densities [8] , symmetry [4 a, 9] and partitioning of the EMD via partial-wave analysis [10] are particularly noteworthy. The application of difference momentum-density maps Ay(p) is simple only for diatomic molecular systems [8] . For a general, three-dimensional polyatomic molecule, it is rather difficult to extract useful chemical information directly from such Ay{p)-maps. Furthermore, the inversion symmetry of the EMD leads to higher molecular symmetries in momentum space [4 a, 9, 10 ] as compared to that in coordinate space. Molecular symmetry also plays an important role in the partitioning of the molecular EMD [10] . For linear molecules, the molecular EMD can be partitioned using Legendre polynomials as
Here, y 0 {p) is the isotropic momentum density, and all the other terms introduce anisotropics to the total molecular EMD of linear molecules. Thakkar and Pedersen [11] have further partitioned the spherically averaged EMDs in a MacLaurin expansion as
The leading MacLaurin coefficients have been reported for a variety of linear molecules. The criticality at p = 0 for spherically averaged EMDs was obtained from A 2 in (2), which will be discussed later.
It is the purpose of the present study to investigate the topography of some linear molecules and to understand its repercussions, in line with the aforementioned studies on the critical structure of molecular EMDs.
II. Topography of Linear Molecules
The molecular wavefunctions employed in this study were generated using the program TURBOMOLE [12] with geometry optimization and a triple-zeta basis set [13] for all the molecules. In order to investigate the possible basis-set dependencies of the critical structure, some molecular systems were studied using STO-3G, double-zeta [14] and some polarized basissets.
That p = 0 is always a critical point in the topology of molecular EMDs [4] is a consequence of inversion symmetry. A further consequence of that fact is that the total number of non-degenerate CPs in the topology of molecular EMDs is always odd. Because of this inversion-symmetric nature of molecular EMDs, linear molecules have D^ symmetry in /»-space [10] . The topographical consequence of this symmetry is that, whenever a CP occurs off the p z -axis (in all calculations, the z-axis is the coordinate-space internuclear axis), it forms a ring of nonisolated degenerate CPs having constant EMD value. It has been pointed out in [4 b ] that the direction of degeneracy does not remain constant for such a ring. Unlike its r-space counterpart g (»*), this occurrence of a ring of degenerate CPs is an interesting property of the /?-space density.
In [4 b] we have pointed out a definite hierarchy in the occurrence of CPs in the EMD topology of diatomic as well as polyatomic molecules: The occurrence of a minimum at p = 0 implies the possible existence of all other types of criticalities, viz. (3, +1), (3,-1) and (3, -3), elsewhere in the EMD distribution. The existence of a (3, +1) saddle at p = 0 shows only (3,-1) and (3,-3)-type CPs away from the origin, and for a (3, -1) CP at the origin, only (3, -3)-type CPs occur at p 4= 0. If a maximum is exhibited at p = 0, then the EMD is deprived of any other CP in its topology. Thus it can be remarked that the CP at p = 0 is a harbinger of all other CP types in the molecular topology.
It is also known [15] that the number of critical points is related to the Euler characteristic of space by the Pioncare-Hopf (PH) theorem for a three-dimensional scalar field that is smooth and positive everywhere. The relation is
where n_ 3 and n + 3 are the numbers of maxima and minima, respectively, whereas and n + j are the numbers of (3,-1) and (3, +1) saddles. The molecular EMD distribution is also smooth and positive throughout and hence satisfies the PH relation. This relation, in conjunction with the above mentioned hierarchy, restricts the occurrence of the number of CPs of a particular type. This condition can also be used as a check on the occurrence of CPs. For linear molecules having a minimum at p = 0, a pair of (3, +1) or (3, -3)-type CPs is found on the p z -axis, symmetric about the origin (cf. Tables 1 and 2 ). This occurrence of a pair of non-degenerate CPs is in accordance with the PH relation. In addition to these CPs, a ring or rings of nonisolated degenerate CPs could also be possible. Even though for molecules with a (3, -I-1) CP at the origin the existence of equal numbers of (3,-1) and (3, -3) CPs is allowed elsewhere (owing to the PH theorem), these systems are observed to be devoid of any type of non-degenerate CP. A ring of nonisolated degenerate CPs is always observed in the y (p) topology of these molecules studied here. Further, a molecular (3,-1) CP at/» = 0 leads to the existence of a pair of maxima on the p z -axis, as may be seen for the A1H molecule, illustrated in Table 1 . For molecules having a maximum at p = 0, it is a unique CP in the topology of the molecule, in conformity with the PH relation given in (3). Table 1 also gives the EMD values at p = 0 for different molecular systems and the location as well as the type of CPs away from the origin. Table 2 shows the basis-set effect for a few linear molecular systems. It can be seen that all basis sets studied yield identical critical structures at p = 0 for molecules such as H 2 , LiH, Li 2 , and CO (these molecules have a unique CP in their topology, a maximum at the origin). However, for other systems like C 2 H 2 , HCN, and HCl it is clearly discernible that a minimal basis is not sufficient to provide the critical structure exhibited by both double-zeta (DZ) and polarized basis sets (e.g. 6-31G** and triple-zeta polarized, TZP). The critical structure exhibited by the DZ basis is identical with the one of the polarized basis for all the sample molecular systems, implying the adequacy of the DZ basis to bring out the topographical features of the EMD for linear molecules.
It is well known [2] that the Laplacian of a function provides a measure of concentration and depletion of the function. A positive value of the Laplacian implies depletion, whereas a negative value indicates the concentration of momentum density. According to the reciprocity in r-and /»-space properties, a negative Ishida [16] reveal that the higher the charge in the wavefunction tail, the better is the quality of the wavefunction. Thus, depletion of the momentum density at p = 0 implies the possibility of a higher charge density in the exterior region of the van der Waals surface, i.e. a higher EED, in accordance with the Fourier-transformation principle. As can be seen from Table 2, DZ wavefunctions, in general, have higher depletion (i.e. a higher positive Laplacian of the EMD) and hence have a better wavefunction tail. Minimal basis sets always exhibit a poor behaviour in the exterior region, which is in agreement with the studies by Ohno and Ishida [16] .
As remarked by several authors [6, 17] , a reliable method of describing the BD principle in a quantita-tive way that also takes into account the cognizance of the BD away from the origin, is necessary. In the following part, we investigate the consequences of the BD principle for the topography of molecular EMDs with a view to gain knowledge of the principle in depth.
In [4 b] we have suggested that the curvature (i.e. eigenvalues) of a CP at p = 0 can be looked upon as a measure of anisotropics in molecular EMDs. Here, we propose the use of similar topographical considerations for studies of the BD in linear molecules. The curvatures of the most crucial and inevitable CP in the topology of a molecular EMD, viz. the one at p = 0, can be looked upon as just one of the measures of the BD in diatomic molecules. The higher the magnitude of curvature along any momentum direction, the greater is the increase or falloff of the EMD, depending on whether the sign of curvature is positive or negative, respectively. For linear molecules, the Hessian matrix at p = 0 is diagonal and hence the curvatures and k 2 correspond to the p x and /ydirections, respectively. Thus, the magnitudes of curvatures suggest the quantification of the BD in diatomic molecules. For the H 2 molecule (cf. Table 2 ), these eigenvalues imply that the relative change in the EMD is greater in the p z -direction as compared to perpendicular directions, supporting the well-known BD principle. A similar consideration, applied to the other molecules in Tables 1 and  2 reveals that there are a few molecular systems like A1H, NaH, OH -and HF (for the TZP basis) that do not obey the said BD principle in terms of the above quantification. It is also known from earlier studies [7] that ionic molecules such as A1H and NaH do not obey the BD principle. However, for OH" and HF it is important to note that they have a minimum p = 0. The PH relation induces the EMD topology to have CPs of the kind (3, +1) on the p z -axis, Also, as pointed out earlier [6] , few molecular systems show elongated contours away from the origin. This elongation must be about a pair of (3, +1) CPs on the p z -axis. Thus, a modified approach towards BD is the following: all non-degenerate CPs on the bonding axis should be considered for a measure of BD. The investigation of eigenvalues of the CP on the bond axis (away from p = 0) for HF and OH " shows that the relative change of the EMD along the p z -axis at these CPs is greater than the one in the corresponding perpendicular directions. Molecules with (3,-1-1) and (3, -3) CPs at p = 0 are deprived of any other type of non-degenerate CP for p 4= 0. Hence for such molecular systems only the curvatures of the CP at p = 0 are considered. For the NaF molecule, the BD principle seems to be valid at p = 0 and even for CPs on the p z -axis, whereas for BH it is not valid at all with three CPs in its topology. Thus, a molecular system will be said to satisfy the BD principle only if that principle is seen to be obeyed by all non-degenerate CPs of the EMD. This new approach to the BD principle gives rise to a broad classification of all linear molecules into three distinct groups, viz. those which obey the BD principle fully, i.e. by all non-degenerate CPs in its topology (e.g. N 2 and CN -in Table 1 ), those which do not obey it at all (e.g. BH, BF and NaH in Table 1 ), and a new class of molecules that obey it partially (e.g. OH" and HF in Table 1 ).
Another well-studied characteristic of molecular EMDs is the partitioning of the molecular EMD [10, 11] , which will be investigated hereafter from a topographical point of view. Thakkar and Pedersen [11] have studied the critical structure of the spherically averaged EMD, y 0 (p) at p = 0. The coefficient A 2 of the MacLaurin series (see (2) ) decides the critical structure of y 0 (p): if A 2 is positive for a molecule, the corresponding y 0 (p) has a minimum at p = 0, whereas negative A 2 implies a maximum at p = 0. It is indeed interesting to note that the critical structure exhibited by the spherically averaged EMD at p = 0 is generally retained in the full three-dimensional molecular EMD at p = 0. A comparison of Table I of [11] with Tables 1 and 2 of the present study reveals that molecules having a maximum or minimum at p = 0 exactly match the critically at p = 0 for y 0 (p). However, saddles in a molecular EMD require a different viewpoint for the comparison of criticality of y 0 (p). Thus, one can infer that the critical structure of the molecular EMD at p = 0 is largely dictated by the criticality of y 0 (p) at p = 0. y 0 (p) being the leading term in the expansion of y 0 (p), as given in (1) for linear molecules, the above behaviour is heuristically expected.
III. Summary
In the present study, a detailed topographical analysis of the electron momentum densities of some linear molecules is presented. The curvatures of the CP at p = 0 and elsewhere on the bond axis decide the BD for a molecule. The topographical analysis is found to be useful in the quantification of the BD principle and also takes cognizance of elongation of y(p) contours away from the origin. In fact, all linear molecules can broadly be classified into three types: i) those which totally conform to the BD, ii) those which do not obey the BD at all and iii) those which partially satisfy the BD. Also, the repercussions of the hierarchy of CPs in molecular EMDs in conjunction with the Poincare-Hopf theorem lead to a definite critical structure for linear molecules.
Further, it has been pointed out that for many linear molecules the critical structure at p = 0 is largely dominated by the CP of the spherically averaged EMD at p = 0. Thus we hope to convey the message that topographical analysis is an important tool for the understanding of molecular EMDs.
